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“MZV as a state sum
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2.2
($=$ )





$m_{i}\in Z_{\geq 0}$ $i$ $m_{i}=0$









$\mathcal{P}$ ( n) $:=\{\lambda|$ $, \ell(\lambda)=n\}$
$n$
$\mathcal{P}$ ( n)
$\mathcal{P}$ $\mathcal{P}$ $\mathcal{P}$ ( n) $(n=0,1,2, \ldots)$ disjoint union
$\mathcal{P}$ ( $0$ ) $=\{\emptyset\}$
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2.3
$\zeta(k)=\zeta(k_{1}, \ldots, k_{n})=\sum_{\lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{n}\geq 1}\frac{1}{\lambda_{1}^{k_{1}}\lambda_{2^{2}}^{k}\cdots\lambda_{n^{n}}^{k}}$
$n$ $\mathcal{P}$ ( n)


















strict $m_{i}$ $0$ 1 2
fermion( )
$\mathcal{P}^{strict}$ strict $\mathcal{P}_{n}^{strict}$ $n$ strict
$\varphi$ : $\mathcal{P}arrow R$ (3)
$\zeta^{\star}(k_{1}, \ldots, k_{n})=\sum_{\lambda\in \mathcal{P}_{n}^{strict}}\varphi(\lambda)$
2.5 MLV (variation)
$N$ ( )
$\epsilon_{ij}^{(N)}$ $i=j\not\equiv O(mod N)$ $0$ , 1 $k$
$\epsilon_{\lambda_{1}\cdot\cdot\lambda_{k}}^{(N.)}=\prod_{j=1}^{k-1}\epsilon_{\lambda_{j}\lambda_{j+1}}^{(N)}$ $M$ $M$
$\omega_{M}=\exp(2\pi\sqrt{-1}/M)$ MLV
$S_{n}^{(N,M)}(k_{1}, \ldots, k_{n}):=\sum_{\lambda_{1}\geq\cdots\geq\lambda_{n}\geq 1}\epsilon_{\lambda_{1}\cdot\cdot\lambda_{n}}^{(N.)}\frac{\omega_{M^{1}}^{\lambda+.\cdot\cdot.\cdot+\lambda_{n}}}{\lambda_{1}^{k_{1}}\cdot\lambda_{n^{n}}^{k}}$ (5)




$\epsilon_{\lambda}^{(N)}=\{\begin{array}{l}1 \forall i\in N\backslash NN m_{i}\leq 1 0 otherwise\end{array}$
$\lambda$ $N$ parts strict
$N=2,$ $\lambda=(5,4,4,3,3,2,1)$ part













( ) [3] $\varphi$
$\mathcal{P}$ ( n) ( ) ( $\varphi$ $\mathcal{P}$
$\mathcal{P}$ ( n)







$\bullet$ $i\in N$ $\varphi(i^{m})=\varphi(i^{1})^{m}$ $m\in Z_{\geq 0}$
$i$ boson
$\bullet$ $i\in N$ $\varphi(i^{m})=0$ $m\geq 2$ $i$ fermion




$n$ $n\in Z_{\geq 0}$ $\varphi$ :
$\mathcal{P}$ ( $n$ ) $arrow R$ $\varphi$ : $\mathcal{P}arrow R$
$Z(x):=Z(x; \varphi)=\sum_{n=0}^{\infty}x^{n}\langle\varphi\rangle_{n}=\sum_{\lambda\in p}x^{\ell(\lambda)}\varphi(\lambda)$ (7)
$x$
3.2.1











$x^{m_{1}+m_{2}+}\ldots\varphi(1^{m_{1}}2^{m_{2}} . . .)$ $= \sum_{\lambda\in \mathcal{P}}\prod_{i\in N}x^{m_{i}}\varphi(i^{m_{i}})$






$= E(-x;\{\varphi(i^{1})|i:boson\})^{-1}\cross E(x;\{\varphi(i^{1})|i: fermion\})$ (9)
$A\subset C$ $E(x;A)= \prod_{a\in A}(1+ax)$
$A$
$A$ $E(x:A)$ $x$
$Z(x) = \prod \frac{1}{1-x^{2}\varphi(i^{1})^{2}}\cross \prod (1+x\varphi(i^{1}))$
$i$ :boson i:particle
$= E(-x^{2};\{\varphi(i^{1})^{2}|i:boson\})^{-1}\cross E(x;\{\varphi(i^{1})|i: particle\})$ (10)
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$3\cdot 3$ Application( )
index MZV, MZSV, MLV
3.3.1 MZV
index $k=$ {k} MZV
$Z(x)= \sum_{n=0}^{\infty}x^{n}\zeta(\{k\}_{n})$




“ $i$ 1 ” $\varphi(i^{1})=1/i$





$Z(x)=E(x; \{1/i^{k}|i\in Z\})=\prod_{i=1}^{\infty}(1+\frac{x}{i^{k}})$ (12)
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3.3.3 variation




$x$ \S 3.2 $Z(x)$
\S 2.5




$\mathcal{S}^{(N,M)}(k;x^{1/k})=E(-x^{2};\{\omega_{M}^{i}/i^{k}|i\in NN\})^{-1}\cross E$ ( $x$ :{ $\omega$ /ik 1 $i\in N\}$ ) (13)
$= \prod_{i=1}^{\infty}(1-\frac{\omega_{M}^{Ni}}{(Ni)^{k}}x^{2})^{-1}(1+\frac{\omega_{M}^{i}}{i^{k}}x)$ (14)
[2, Theorem 2.7]
$S^{(N,M)}$ (10) (13) [2, Theorem 2.7]
$S=\mathcal{H}\mathcal{E}$ $\mathcal{H}$
1 $\mathcal{E}$ 2 $\mathcal{E}$
[2, Lemma 2.6] $\mathcal{H}$ [2,
Lemma 2.5]














$N$ $\{$ 1, 2, $\ldots,$ $2p\}$
\S 3.2
$Z(x)= \sum_{n=0}^{\infty}S_{n,p}x^{n}$







MLV partial altemating multiple $L$ values









$\frac{1}{(x;q)}.=\prod_{i=1}^{\infty}\frac{1}{1-xq^{i}}=\sum_{n=0}^{\infty}x^{n} \sum q^{|\lambda|}=\sum_{\lambda\in \mathcal{P}}x^{\ell(\lambda)}q^{|\lambda|}$ , (15)
$\lambda\in$p( n)









$\mathcal{S}^{(2,2)}(k;x^{1/k})=E(-x;\{1/i^{k}|i: boson\})^{-1}\cross E$($x;\{-1/i^{k}|i$ : fermion}) (17)
$= \prod_{i\in N:even}(1-\frac{1}{i^{k}}x)^{-1}\cross\prod_{i\in N\cdot odd}(1-\frac{1}{i^{k}}x)$ (18)









(i) $k$ $\mathcal{S}(k;x)$ plethysm (19)
(ii) plethysm ( )
(iii) $S^{(2,2)}(2;x)$
(i)(ii) (iii)





$f(x)$ ( ) $f(x)= \sum c_{n}x^{n}$
$\prod_{j=1}^{l}f(\omega_{2l}^{j}x)$
$\prod_{j=1}^{l}f(\omega_{2l}^{j}x)=\sum_{n_{1},\ldots,n_{l}= }^{\infty}c_{n_{1}}\cdots c_{n\iota}\omega_{2l}^{n_{1}+2n_{2}+\cdots+ln\iota_{X}n_{1}+n2+\cdots+n_{l}}$ (21)




$\ldots$ , $\lambda_{l}$ $0$
$p_{l}$ $h_{n}$ $\circ$ plethysm $m_{\lambda/2}$ monomial





























$\mathcal{A}(x):=E(-x^{2};\{i^{-2}|i\in N, even\})$ , (24)
$\mathcal{B}(x):=E(-x^{2};\{i^{-2}|i\in N, odd\})$ (25)





$=1-2x^{2}P(x^{2}, \{i^{-2}|i\in N, even\}) =1-2\sum_{m=1}^{\infty}\frac{\zeta(2n)}{2^{2n}}x^{2n}$ (29)




(24) (25) (26) (27)
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